Weighted Lattice Paths
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Binomial Paths and the constant term
method

CT[f(2)| means select the term independent
of z in the laurent expansion of f(z).

Method due to P A MacMahon ,Combinatory Analysis Vol. 2 1916



Dyck and Ballot paths

A Dyck path is a lattice path which starts and ends on the x-
axis, avoiding the region below.

A Ballot path is a lattice path which starts on the x-axis,
avoids the region below and ends at height h.

b) Ballot path




Constant term formulae

By, = number of t-step Ballot paths ending at height h
= Win — Winia
= OIS — 5] where A =gt gt
(', = number of Dyck paths making 27 steps = Bz, 0
= OTIA®(1 — 2°)]

B 1 g
_r+1 i

Catalannumbers: 1 1 2 5 14 42 132




Diagrammatic representation of a
Ballot Path




Polymer adsorption on a surface

 The diagram represents a polymer chain attached to a surface at both

s X a)

The partition function of the polymer or return polynomial is

ZAT(H,) = ZT: Cromts”
me=0

where C, ,, 1s the number of Dyck paths of length 2r having m returns

\ return edge
m returns

From the diagram O, = Bop_ i dam. A
Zp(K) =Y Borpmamar™ =Y CTA" (1= 22" (z5/A)"]
m=0 m=0

A2-1(] — 22)2—1]
1 —zk/A

= OT]|



The omega variable and the absorption transition

As kg increases there comes a point when the polymer sticks to the surface.
The sticking point may be deduced from the asymptotic form of the partition
function as r — co. Using symmetry of C'7T'[| under interchange of z and 27!

AZ?‘—I(l o ZZ)Z—I
1 —z2k/A

AZr(l . 22)

Z,(x) = T ——2))

| =CT|
where w = (k — 1) /k*

Expanding the factor 1/(1 —wA?) gives an infinite series in powers of
w which turns out to be only valid for x < 2. Instead we use the CT
formula to obtain a recurrence relation valid for all k. Thus noting
that

wAer _ _A2r--2 N A27~—2
1 —wA? 1—wA?
gives )
wha(K) = —Cr1 + Zor_a(K).
Solving subject to Zy(k) = k? gives /2r=/r

r—1
Zop(K) = w (K — Z Cjur)
=0

which on substituting for w in terms of x must give a polynomial.



Proposition 1.2, Forr — o0

r Mw_T' K > 2

K—1

Lo = g
| JL¢
!
¥
Proof. Now for |w| <1
l—y1—4w | & for K <2
T\ k/(s—1) for £>2

and hence

;:721,(&)-_--*“(:__1) "0k 2)+ngw

The Catalan numbers have asymptotic form

45

Co~—7 as § — 00,
282
and replacing the sum by an integral gives
2 T
Zap(K) ~ 1) TO(k — 2) + - ?X(T 1ng(%)).

where

o p—y(u—1) 1 3
X(y)z./l T duma--g??—k()(—.] as y — o0.
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The TASEP

oo = hop on rate
B = hop off rate

The unnormalised steady state probabilities are denoted fy(71,72,...,7n)
where 7; = 1 if site 7 is occupied and 0 otherwise. The normalising factor is

Z fN leTg,... )

Lo sl TN
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f1(0) =4, fi(1) =48
fN(0,0,...,0) = afy_1(0,0,...,0)

fu(r,mo,. o mve1, ) = Bfvoa(r, 72,0, TN-1)
1

fN(Tl?TQ;.---,75_1?1,0,---;0) = ZfN—l(TlpTQ?'":Té—lpTi?O?"‘?O)

T3=0
Define
Yyi = Z STy 5 g Do 0se ooy O

T3 Th—1

80 ZN = YN n+1. Por 2 <k < N +1, Y, ;, satisfies the recurrence relation

Yne=Yngp—1+ Ynoig

with boundary conditions Yni=aYn_11 and YNCiNf1 = BYN—l,N

These equations were golved by Derrida et al (1992 J Stat Phys 69 667-87) in the case o = 8 =1

using generating functions and extension to arbitrary o and 8 was done by Schiitz and Domany



The above equations are those satisfied by the number of directed walks Yy 5, from (0, 1) to
(N, k) weighted as on the diagram below. This is related to the return polynomial E;(h, x) for
t—step paths ending at height h which, following the derivation of ZAT(H), 18 given by

1({t—h)
Re(h, k) = Z Bt mih—1K"

m=0
The coefficient of @” in Zy comes from paths which start by making kb steps along the upper
boundary which is followed by a Ballot path with £ = 2N — h steps starting at height A and

ending at height zero.

N ~ N N-h B
ZN = ZRQN—h(h§ glal = Z@h Boppiid Flehedd”
h=0 h=0 4=0
'! =\
Lattice path, a NP7 - \‘\W=7’
term of Za - 1 A




Zn may be rewritten

DEHP equation (39)

R1 = maximal current phase
R2= High density phase

R3 = Low density phase

ASEP PHASES

ZNZBQN m—1,m— 1zam jﬁj

_ Zn(a) -

Zn(B)

-8

Q

The Dyck path contact polynomial ZN( ) has asymptotic form

’

f<la) = wl—gv%? a <
Zn(a — 2 4 _
w@)~y fo= VT N3 &=
Y _ ~1
k fxla) = _g\/f_rN? (1 — 4w, a >
where w, = a(l — «a).

o f;_(%) Fis ZfT:B Ry f>(aa)_f>(r8)

Poar Ly : =

Ly —a?fl(a) ~ "3 Ry : 2

o]

[SS] E a Fe



Transfer matrix

t Ly
(0 1 1 0O 0 \ (1 1 0O 0 O \ &= 1 +C
2 0O 0 0 1 1 ’ 0O 0 1 1 O )6 1+d
(Wa] =wellyose e wod [Vor=sie(ly dydd’s o 35 DEHP

Zn =< Wz\(DzEz)N\Vz = Z BQN+1,2£+2j+lcidj

,73=0



Compact percolation
Compact cluster with bounding vesicle

Figure 1. A directed compact cluster with 19 growth stages, length 20 and size 32 together

Top edge moves up with probability p and down with probability g = 1-p
Bottom edge moves down with probability p and up with probability q
Cluster terminates with probability g2



Bijection: Compact clusters to Dyck paths

Domany and Kinzel 1984




Compact percolation: Critical exponents

& *—t/gﬂ(p) / Ttl/zt 3/2 (Domany and Kinzel 1984)

T (p)=

L

Parallel connectedness length (exponent Vq)

Peréelatzor; _probahbility (exponent B )

P(p) = 1 Z I‘i(p)

i

I p £ g, =
| (Bp— 1)/p” P> Pec ( p=1)
Mean oluster' length (exponent )
-
(T=1)

p) = 2 (t+1)r (p) = It — 2pl

o

] Scahng 1 +ﬁ T[ ’



Compact clusters and vesicles near a wall

Note: factor kappa =1/q for each return to the wall and factor pq for each of t steps



Compact percolation and vesicles near a wall

Joint work with Richard Brak.

The vesicles can The vesicle grand partition function is
o0
end anywhere Z(u, k) = 3, Vi(r)u'
above the surface. where Vi(x) is the partition function for vesicles con-

structed from walks of length ¢ the Boltzmann weight
having a factor & for each contact with the wall. (EXcept the

T — ‘F\’rﬁ&)
Connection with Percolation probability .
P(p) =1-qZ(pq,1/q)
The percolation line.
u=pg,r=1/q = u=(k—1)/K> «
A
msorft‘ ron, ©cluls o
el J'(,_ =2,
Ca-ﬂ\esf’w\“! & o
ol 4 .
é : o
The Mean Cluster Lengthi‘ il
a
L(p) = 95, (uZ(u, K))
U k=1/q,u=pq
The Mean Number of Wall Contacts
o
N(p) = g5 (kZ(u, x))
K k=1/qu=pq




Relation between vesicles and single chains

(%] Z¥ /\/\ /\/\
M

BV, v C\O \/\y
O % Varss () = CrirZosa (R)

) 8 )(

ZV} KU —Z (C, +uCT+1)ZAT+1(ﬁ)/H,
r=0

3 ZuQTC‘ +uCriq) Z Cew "

s=7r+1

Fas

‘/2?" — C?“Z?“—i—l (R)/R

= 7t (u,k)0(k — 2)

where w = (k — 1)/k* and

7+ (u, k) = ?}iﬁ__ﬁg {1 + (1 n %) (i _q_ Mwlw— 4'“’2)ﬂ




Percolation Probability

P(p)=1-(1-p)Z(pg,1/q)
where
Z(pg;1/q) = . =)

p
2
q o) : 00
1(F o) - Eow|  a=pq
+p[(z U > u} Uy r1
and using

(1/g p<pc
Z Cg'(pq )T = ¥ Percolation Probability
: 1/p p> pc |

rederives the result of J. C. Lin

08+
0.6

(0 P < P

0.4

2_12 j 02}
; L%Y)‘ P > Pc-

0.2 0.4 0.6 08



Mean Length of Compact Clusters

0
L(p) = q— (uZ(u, K
() = ag, ( ( ))n_m -
-2
=0(p— pc)M - kE (apu® + bru*t)
where
[3(k=1)] |3(k-1)]
ar= Y (2r+1)C;Cx—r and b= Y (2r+2)Crs1Ci-r-
=0 r=(
Mean Cluster Length
Using Zeilberger’s algorithm _ 2s |
25+ 1y (25+2 45+3
iy = (7)) — 55Gant)
25432 4545 :
Bus = 3lon) — by
with similar expressions for b1 and bosyo. 5t

o

0.2

Using Mathematica

L(p) = 6(p— pc)ﬂ%g?ﬂ + é:{ {—5 +4u+ 6_.‘_\/1—' m
—[BE(16u?) — 2(3 — 4u) (1 + 4u) K(16u?)]/x} .

vz p(=p)

Asymptotic form near p,. _
>~ Blog|l — 2p| + C*

L(p)
where
8 4 ) —
B=— and c* = dlee 2):124
T T

0.4 0.6 0.8



The Mean Number of Wall Contacts

N(p) = q&% (F.',Z(u, ﬁ))ln=1/q,-u=pq

= 6(p — po)2=22) — 2(1 — P(p)) + N*(p)
where
N*(p) = S22 {1 — 4u — 2(1 — 2u)v/T — du+

du(1+2u) 4 8E(16u?) 2(3—4u)(1+4u)1{(16u2)}‘
V1—4u T T =

Asymptotic form near p. IS
e 16
N(p) =2+ —(1 — 2p)log |1 — 2p|.

Mean Wall Contact Number
24}

22}

21

1.8}

1.6 ¢

1.4t

1.2 }




Compact percolation with a damp wall
with A Owczarek, R Brak, H Lonsdale and A Rechnitzer

e Wall sites wet with probability pw



Vesicles with a compound sticky wall

Zor(K1, Ko) = the partition function for Dyck paths with two surface weights
i AQT 1 — 4
— kyCT 1=2)
|1 — (k1 + ko —2)22 + (1 — ko) 2*

i A2r(1 . 24)
B Fepse v sz)]

L c B d .1
c—d<1+cZT+1(m) 1+dZ (ﬁ2)>

where k1 = (1 +¢)(1 +d), ko =1 — cd.
Vi(K1, ko) is the partition function for vesicles with two surface weights
terminating anywhere above the wall. With w, = ¢/(1 + ¢)?,wy = d/(1 + d)*

Mg

u oK F{,Q — f’{/l, H’Q
t=0
2r4+-2 2r4-3 wcdeQ
B H_Q Z Cri1|Zor(K1, K2)u + Zar1a (K1, K2)u - U? — Welg
ko — 1 —
 —
+— > [CeZarialin, ko) = Cria Zop(in, Kp)Ju™

Kokt (U? — wewq) o=



D, Pu)

Damp wall. Percolation
probability

The damp wall percolation probability is obtained by setting

K1 = Pw/(Pq), k2 = qw/qg  and  uw=pq

& = E, gt 8 p), We = pPq and Wy = p—(pr— P)
q p P
For p < p. = 5, P(p,pw) = 0 and for p > p,
1 Pro G 2p — | 2

p rg’ g p*(p — puw + PPu)

Notice: The damp wall exponent is 8 = 2, the same as the dry wall, except
B =1 for the wet wall p,, = 1.



S1
52
S1
82

K92 89
K1 S0

A weighted cross path jz/\92
51
S92 52 /.\ S9
’ ) S S ] S
s1 \./81 1 1 1 1 1 S1
K9 89 Ko 8o
So K1

Zop(2k + 1127 + 1) is a sum of the illustrated weights over paths starting at height 25 + 1
and ending at height 2k + 1. For & > 1

Zor(2k + 1125 + 1) =5182(Zar_2(2k — 1|25 + 1) + Zor_o(2k + 3|25 + 1))
+ (81 + 53) Zor—o(2k + 1]27 + 1)
and
Zgr,v-(l‘l) = Slf{QZQr,v-,g(?)‘l) + (Sgﬁll + SQHLQ)ZQT,Q(”l).
Considering walks of zero length leads to the initial condition Zq(2k + 127 + 1) = d;z.-
Solving the above equations gives
(AN)(1 = 2%

1 — (5189) " Y(sgK1 + 829 — 57 — 82)22 + (1 — 2—5)24]

Zo(K1, k2) = Zop(1]1) = CT[

where A = 8124 892, A = 812 + s2Z. Factorizing the denominator gives

Hs,(c,d) = Zs,(1]1) = CT [(1 ()‘2;()1(1_222)] =CT [(/\A)T (16_24) (1 jczz 1 ddzzﬂ

where ¢ and d are the roots of the quadratic.

K
D(u) =u® — (s152) " (sok1 + sak3 — 87 — s5)u+ 1 — 5_2
2



S1.7

5,2 52,0595, The “omega” expansion
.,’ 1 51 51 81”81

Expanding the denominators

Cm—l—l o dm+1 = o
HS, C d) Z Bzr+1 2m+1(51:52) Bt = Z Bzr+1,2(£+j)+1(81,Sz)Czdj

m=0 §,5=0

where Bg, 11 2141(51, 2) is the ”Banded Ballot polynomial”

o k+1 (s o r+1 r+4+1 r—
Bori12k1(s1,52) = CT[(AN2(1 — 2%)] = ( ) Z( )( )s%? ‘
=

r+1 p+k+1

Changing to "omega” variables w, = ¢/({s1 + cs3)(cs1 + $2))

chQH—Z (wc) - deZ'r—I—Q (wd)

H (c,d) = 5152 .

where, in terms of the "Banded Catalan polynomial” C,(sy, s2) = Ba,_1.1(51, $2),

Zoy(w) = CT [(Aj‘);__lg)\; 24)} =w, " (é - ioj(sl, sg)wg)

Naryana

ot = O[O0 =2t] = 22T} 7 )07 = ol e




Asymptotics
asr o o

w
Ry
L
L2 1
Rl L3 R3
0 1 v

(c* — 1)0(c—1)
iy = Cj(s1,
2 (w) cslsgw?“ Z Sl 82
2i+1
C;(s1, 82) (51 + 52) as j — o0
272 ($1827)
( 2_11
f>(e) = - = c>1
C8182 W,
s1 1+ 8 2r+1
Ziap(We) ~ 4 f—_(l 2)§ T c=1
TZ(8182)3r2
g g 2r+1
fle) = (511 52) =~ 0% |
u 2m2(1 — (514 sg)%w.)(s182)272
2 1 2
R, - $182f~ (w) I slsgrgvrl )
W — v w37
S182f_
LQ . - Qf P (81 + 82)2
l—w
R, - s152(f<(v) — f(w)) Ty 5182 f— R - s182f5(v)
v — W 1 —w U — W
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PATH TRANSFER MATRICES

To make connections with the ASEP

Dyck Paths Z(k1, k2) = (O|(DE)T|0)
[s0 52 0 0 0 \ (k1 0 0 0 0 \
0 S1 59 o 0 --. Ko 51 0 0
D: 0 0 S1 $9 0 E_': 0 So 5 0 0

0O 0 0 51 SS9 - 0 O 59 5 0

s s .
. . . . .
. . . . .
. . . . .

where |0) = {1,0,0,... }.

M

Cross paths Hy(c,d) = (Wa|(Da )" |Va)
[s1 55 0 0 0 \ [s1 0 0 0 0 \
0 51 59 o 0 ... 59 51 o o0 ...
Do=10 0 8 s 0 - Fo=10 s s 0 0
0 0 0 B8] 89 = 0 0 S9 51 0o .-
\E P ] S /

where (Ws| = k{l,c,c%,c,...} , |[Va) = x{1,d,d*,d*, ...} and k? = 1 — cd



¥ 1 1 3

77N /N " 7N
O—O—0—8—O0—0O—e—O—0—=e
1

f,r':N
A: The probabilty Pp of finding p particles in the open boundary ASEP

P,=ZNu/Zn, Zn = Zf:o Znp and the generating function for Z, , is

N
Gu(z) =Y Znya? = (Wal(xDz + E2)N[Va) = (Wa|(DaBa())" | Va)

where
x 0 0 0 0 a =1
1 =z 0 0 0 3
Es(z) = 1 % 0 0 B =l
0 01 = 0 5
L B~ =]

In the walk picture the configurations are therefore the same as for Zn but even up steps
get a weight of . Apart from a factor 2U—9/2 this is equivalent to placing weight 27 on all
steps of odd height thus

Gn(z) = (1 — cd) I(j_i)/ngN+1,2(i+j)+1(37%a 1) ctdl = Hoy (cx_%,daf;%) !
i=0 j=0 it
, N‘pi’:zﬂﬂ N+ N+LY
Ne=2.2."N11 \p—j \p+i+1)°



Shock in the ASEP on a ring with a slow moving particle

10 — 01 with rate 1
© 20— 02 with rate 8

:, / 12 — 21 with rate 15

The ring, has L. + 1 sites. Mallick has shown that the velocities V] and V5 of the first and
second class particles are given by

Yr_ — Y 4. L 1Yr 4,
W — L—1.,p L—1,p—1 and Vi — Vi + =t L—1p—1
ZL,p P YL,p

where

L
> Yppa? = Tr(A(zD; + Bx)*)
p=0

Here A represents the second class particle. Dy and £ satisfy the usual relations, A2 = A,
DsA = BA and AF5 — &@A. These relations are satisfied by A = |Vo) (W],

D Yipa? = Tr(|Vo) (Wal(zDs + E2)F) = (Wal(z D2 + F2)F)|Ve) — Glz)

50 YL)p == ZL)p



B: p:first class and p: second class particles on a ring

First class = small. 12->21. Transition rates 1. N sites

A central object introduced by DJLS in their study of
shocks was the grand partition function

GN(ZCl,CCQ) — <O|(ZC1D2 + Fo + ZCQA)N|O>
= (0|( Do (a1, 22)) ™ [0)

where A = |0)(0| and

x1+xro O 0 O O
1 1 0 0 O
0 0 1 =x O

Rearranging the corresponding path weights to the standard s-weighted form
1 1
gives s1 = K1 = ] S0 = x, 2(x1 + x2), so = ke = 1. With these values of

the parameters G n (21, 22) — Zn (K1, ko) and the roots of D(w) are ¢ — :BQ/:?jl
and d — 0 so

_ 1 —1lp 1
G, x2) = Hon(22/xf,0) = E xy 2 Pah? Bon o 1,2p,11 (25, 1)

p2=0

:E E pQ—H N+1> N +1 )xplpr
—~ N + 1 1 p1tpa 1) T2



Two species of particles on a ring

Setting wg = 0 and w, = 2/ ((1+x2) (21 +22)) in the w—form of Zy(k1, K2)

8189,
Cnler, a2) = B2 7o o) = w (1——20 (shsmf)

DJLS gave the following asymptotic formula, as N — oo,

Gn(x1,22) ~ Fn(21, 22) = (1 — —2> ((1 + 22)(#1 + 172))

5
We find that the following formula is exact

GN(CL’l, &‘3’2) —= Q[FN(Q‘L’l? 3’32)}

where the operator §>2 selects only the non-negative powers of x5 in the ex-

pansion of Fy (a1, 3_“?2)_.
The first few partition functions are

Ghi(xr,29) =1 + a1 + 29
Go(x1,x2) = 1+ 32 + x5 + 2a2(1 + ) + 23
Ga(x1,20) = 1 + 621 4+ 627 + 27 + 29(3 + 821 + 322) + 3a3(1 + 21) + x5



C: ASEP with parallel update

At each step any particle which can move does so with probability p = 1—gq.
The normalisation factor Zn for the state distribution is

ZN = zn(p) + pzn-1(p) (0.11)

where the following formula for zy(p) is equivalent to that of Evans et al
2n(p) = (OI(DEYYI0) = Zon (1, K2)

Here D and F are the transfer matrices for the s and s weighted paths with

so= 1,81 = 2,80 = 1,K1 = %2(55 — (B — 1),k = paf — Ea—1)(8 - 1).
D(u) factorises neatly to give

pa—1 p pB—1 olp— o) i wd_ﬁ(p—ﬁ)

—? — 3 wc - —? — T os4 onc
ghi? g2 (1 — ) P21 —8)

. =

N ]
(po— )™t — (pB— )™
2 bwm(@) pla—B)

e (NG

ZN(p) — ZAQN(RM RZ) — HQZN(Ca d) —

where

bym(g) =q "/2 Bo N1 2m+1(q 1)



ASEP with parallel update: current

The current Jy, which is used to determine the phase diagram, is related

to zy(p) by )
ZN\P

p2n-1(p)
The asymptotic form of zy(p) as N — oo is determined by substituting
w, and wy in the general formula. There are the usual three regions

1 1 1 1
e Maximum current region By = {a > 1—qg2,8 > 1—q2}: Jy = 5(1—615)

Jerk =] 4

e High density region Ry = {a > 8,8 < 1 — q%}: Iy = 5}5}9 _ﬁf)
a(p — a)

e Low density region B3 ={a < 8,a<1— q%}: SNy =



ASEP with parallel update: grand partition function

The generating function for banded Catalan polynomials is

['(y, 51, 82) ZC 81,52)Y
and with ' = I'(y, gz, 1) the g.p.f. for the parallel update ASEP is

Z Zny" = (1+ py)E)(y, p)

where

: -y (T — 1)(1 - gyT)*
_‘|(y,,.p) = NZ:O N(p)y y(l _ p(@ — 1)fy)(1 —p(ﬁ = 1)Fy))

in agreement with Blythe et al equation (44). We have four such formulae, a
second one is

-1 -(ptdy)
(1 —pa(p +ql)y)(1 — pB(p + ql)y)

(1]

1y, p) =
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